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Abstract. In this paper we prove the equivalence of two definitions of lami- 
nated currents. 

John Erik Forn^s^J Yinxia Wang and Erlend Forn^ss Wold 



1. Introduction 

Let if be a relatively closed subset of the bidisc A 2 (z,w) = {(z,w); \z\, \w\ < 1}. 
We suppose that if is a disjoint union of holomorphic graphs, w — f a {z), where f a 
is a holomorphic function on the unit disc with / Q (0) = a and \f a (z)\ < 1. We let 
£ denote the lamination of K. 

There are two notions of laminated currents that we will discuss, pQ. Let T be a 
positive closed (1,1) current supported on K. We assume that T is the restriction 

2 

of a positive closed current defined on a neighborhood of A . We denote by [V a ] the 
current of integration along the graph of f a . Let A denote a continuous (1,0) form 
which at (z, f a {z)) equals a non zero multiple of dw — f' a (z)dz. 

Definition 1. We say that T is weakly directed by the lamination C if A AT = 
for any such A. 

Definition 2. We say that T is directed by C if there is a positive measure \i so 
thatT= J a [V a ]dfi(a). 

Our main result is 

Main Theorem. The current T is directed if and only if it is weakly directed. 

We note that this is a result by Sullivan in the case of the lamination being 
smooth, i.e. the graphs vary smoothly with a, [7]. The part of Sullivan's proof that 
does not go through automatically in the non smooth case is a certain approximation 
step, and so in the present article we are concerned with approximation of partially 
smooth functions. In [5] the authors proved such an approximation theorem in the 
case of laminations in M. 2 and in K 3 . 

In the last section we show that the main theorem breaks down for Riemann 
surface laminations in higher dimension. 

2. Preliminary estimates for slopes of holomorphic graphs 

The case we are studying is given by a holomorphic motion, see [8] for an expo- 
sition and further references. In this paper we need a basic estimate on slopes of 
the graphs. For the benefit of the reader we include the details of this well known 
fact. 
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We start with a Lemma. Let A := {z G C; |z| < 1} denote the unit disc in C. 
We denote by 0(fl) the space of holomorphic functions on £1. Let || • ||oo denote the 
sup norm. Set 

H°°=H°°(A) = {feO(A);\\f\\ 00 <o }. 
Also, if < C < oo we set 

He = #c (A) = {/ G 0(A); H/IU < C}. 
Lemma 1. If f e fff(A) and /(z) ^ Vz € A, i/ien |/'(0)| < 2|/(Q)| log jjf^. 

Proof. Pick a holomorphic function f(z) on the unit disc such that ^ \f(z)\ < 1 
for all z S A. We can replace /(z) by e f(z) for any real 0. This does not change 
|/(0)| and |/'(0)|. Hence we can assume that /(0) > 0. 

We set h(z) := log /(z). Then h(z) is a holomorphic function on the unit disc and 
Re(/i(z)) < 0. We can also choose a branch of the logarithm so that log(/(0)) = 
-a < 0. If k(z) = then k(z) is a holomorphic function on the unit disc 

and fc(0) = -l,Re(fc(z)) < 0. We define L(w) = ^±1. Then L(-l) = and if 
Re(u>) < then |i(w)| < 1. Then T(z) :— L(k(z)) is a holomorphic function from 
the unit disc to the unit disc. Moreover T(0) = L(k(Q)) = L(—l) = 0. Since 
r(0) = and |T(z)| < 1 we can apply the Schwarz' Lemma. So we can conclude 
that |r'(0)| < 1. By the chain rule, T'(0) = L'(fc(0))fc'(0) = L'(-l)fc'(0). Since 
L'(w) = we get L'(0) = ( _-_ 2 1)2 fc^O) and therefore fc'(0) = -2r'(0). Hence 

we get |fe'(0)| < 2. Since k(z) = we next can conclude that |fc'(0)| = \h'(0)\/a. 
Hence \h'(0)\ = a\k'(0)\ < a ■ 2 so Q |/i'(0)| < 2a. Next recall that h(z) = log/(z) so 
f(z) = e h{z \ Hence f'{z) = e h ^h'{z). Therefore /'(0) = e h( -^h'(0) = /(0)fc'(0). 
Hence |/'(0)| < \f(0)\\h'(0)\. This implies that |/'(0)| < 2a|/(0)|. Now recall that 
log/(0) = —a. But we have set this up so that log/(0) = log|/(0)| + iarg/(0) 
is real valued. So we have that log|/(0)| = —a i.e. log rAyi = a. Therefore 

|/'(0)| < 2a|/(0)| = 2|/(0)| log Tj^yr. This concludes the proof of the Lemma. 

□ 

Corollary 1. Suppose that we have two functions f and g holomorphic on the unit 
disk with f — g G iJf°(A). Suppose that f(z) ^ g(z) for each z £ A. We then have 
the estimate \ f(z) - g'{z)\ < i\f(z) - g(z)\ log | /(z) i g(z) | for all z E A, \z\ < 1/2. 

Proof. Pick z, |z| < 1/2. We define G(w) = f{z + w/2) - g{z + w/2). Then G(w) 
satisfies the conditions of Lemma 1. Hence |G"(0)| < 2[G(0)| log | G ( )| ■ Therefore, 

\\f'(z) - g\z)\ < 2\f(z) - g{z)\ log 1 

2 |/(z)-0(z)| 

□ 

3. Approximation for complex curves in C 2 

We assume that for every c = (a, b) = (a + «fo) G C we have a holomorphic graph 
r c given by w = y\ + iy-2 = f c {z), z = x\ + ix-2 G A. We assume that all surfaces 
are disjoint and that there is a surface through every point in A x C. We assume 
that / c (0) = c. 

Let 7r : A x C — > C be defined by 7r(z, f c (z)) — c. The lamination of A x C by 
the P c 's defines a holomorphic motion and so by [5] the map (z, c) i— > (z, f c {z)) is a 
continuous function in (z,c). It follows that the function tt is continuous. 
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Fix a positive constant R. By Corollary Q] there exists a positive real number 
6q > such that if z € \A and if c, c' S i?A with |c — c'| < <5 then 



(1) 



d d 



<4-|/ c ,(z)-/ c (z)|log 



|/c'(z)-/ c (z)| 

We define a class of partially smooth functions: 

A := {0eC(AxC);0(z,/ c (z)) eC 1 ^), 

$(£1,3:2,10) := 7: — 0(xi, ^2, /c(xi, x 2 )), w = f c (xi,x 2 ) G C(A x C), 

a 

^(xi,X2,w) := - — 4>{xi,x 2 , fc{x\,X2)),W = f c (Xl,X 2 ) 6 C(A x C)}. 
ox 2 

Theorem 1. Let <j> g A, let R be a positive real number and let e > 0. Then 
there exists a function ip G C 1 (A x RA) suc/i i/iai for every point [x\,x 2 ,w) = 
(%i,x 2 , f c (xi,x 2 )) G A x RA: 

\tp(xi,x 2 ,w) - <f>(xi,x 2 ,w)\ < e, 

d d 

\ — [tp(xi,x 2 J c (xi,x 2 ))]-—[(/)(x 1 ,x 2 J c (xi,x 2 ))]\ < e, 

OXi OX\ 

d d 

\ — [tp(xi,x 2 J c (xi,x 2 ))]-—[(/)(x 1 ,x 2 J c (xi,x 2 ))]\ < e. 
ox 2 0x2 

We will prove the theorem using the following result: 



Proposition 1. Let g G A, g{x\, x 2 , f a +ib{x\, x 2 )) = a, and let R be a positive 
real number. There exists a positive real number to such that the following holds: 
For all e > there exists a function h G C 1 (toA x RA) such that for every point 
(x!,x 2 ,w) = (x\,x 2 ,f c (x-L,x 2 )) G t A x RA: 

\h(x\,x 2 ,w) - g(x 1 ,x 2 ,w)\ < e, 
d 

\ — [h(xi,x 2 ,f c (xi,x 2 ))]\ < e, 
d 

- — [h(x l7 x 2 ,fc(x l7 x 2 ))}\ < e. 
0x2 

The same result holds if we replace a by b in the definition of g. 
Proof of Theorem [7] from Proposition []} 

Lemma 2. Let p G A be a point, and let R,to be positive real numbers such that 
A to (p) GC A. Consider the lamination restricted to A to (p) x C. If the conclusion 
of Proposition [J\ holds on A to (p) x RA ( with respect to projection onto {p} x C), 
then the conclusion of Theorem^ holds on A to (p) x RA. 

Proof. Let it — (Tti,TT 2 ) denote the projection onto {p} x C. For each j, k G Z and 
S > we let c s (j, k) denote the point (p,jS + kSi). Let A| denote the C 1 -smooth 
function defined by Aj(t) = cos 2 [^{t - jS)] when (j - 1)6 < t < (j + 1)6 and 
otherwise. For each c s (j, k) we first define a function 
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and then we define a preliminary approximation 

ip s {z, w)=^2 ^fe(2)A i (7r 1 (z, w))k k (ir 2 (z, w)). 

j-k 

Let (zq,wo) G Af (p) x RA. Then 7r(zo,wo) is contained in a square with corners 
c s (j, k),c s (j + 1, k),c s (j, k + 1) and c 5 (j + 1, k + 1), and we have that 

1p 5 (ZQ,W ) = ^ 1pf nn (z a )A m (TT 1 (Z(),Wo))A n ('!T2(zo,Wo)). 

We have that 

\ip S (z Q ,w ) - (/)(z ,Wq)\ 

= I i^Ln( z o) ~ (j)(zo,wo)] ■ A 5 m (m{z ,w )) ■ A* (772(20, w ))\ 

< max m= ^ +li „ =feife+1 {|^„(z ) - 0(zo,wo)|} 



Since the map from A t (p) x C defined by (z, a) i— > (z, f a {z)) is a homeomorphism 
it follows that ip s — > uniformly as J — > 0. 

Next we approximate derivatives along leaves. Let a be such that (zq,Wq) = 
( z 0i /q( z o))- Since the functions o m are constant along leaves we get that 

d 

\-Q^;bP 5 ( z o, U(z )) - <f>(zo, f a (zq))] I 
= I E [^-[^ n (^)-^o,/ Q (^o))]] 

m=j, j-\-l,n=k,k-\-l 
X A^(7Ti(z , /a(2b))) ' Af l (7T 2 (z , f a (z )))\ 

d 

< max TO=J j + i, n= fe )fe+ i{| — [^ n (2b) -0(z o ,/a(zo))]|} 



It follows that -0 5 — > also in C 1 -norm on leafs. 

Now the conclusion of Lemma 2 follows because the functions Wj can be approx- 
imated uniformly and in C 1 -norm on leaves. □ 

For each point p 6 A there exists by Proposition [T] a positive real number t p 
such that constant approximation is possible on A tp (p) x RA. Hence by Lemma [2] 
approximation of functions in A is possible. 

We may then choose a locally finite cover {/7 Q } a gN of A by disks such that 
approximation by functions in A is possible on each U a x RA. Let {ip a } be a 
partition of unity subordinate to {U a }. For each a let C a = ||Vy a ||. 

For a given e a let g ta be an e a -approximating function of <f> on U a x i?A. We 
will show that there is a sequence {e Q } such that the function 

i' = ' 

a 

satisfies the claims of the Theorem. 
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Let (zo,f c (zo)) G U a , and let a\, ...,a m be the finite number of Qj's such that 
the support of 4> a intersects U a . Then 



ip(z, f c (z)) = Va< ( 2 ) • &<» 4 ( z , /c(z)) 
for all 2; near zq. Then 



»=i 



IVK^O, /c(^))) - <A(^0,/c(^o))| = I^Vai^o)- ffe^^c/c^o))] - <A(^0,/c(^o))| 



i=l 



Further 



< ^2<Pai(zo) ■ \9e ai {Z0, fc(zo)) ~ 4>(zo, fc(z ))\ 
i=l 

< max{e Qi } 



5 

I^IV'O^/c^o)) - <A(^0,/c(^0))]| 

9 m 

= l^"E^°"^)' &a ( (Wc(*b))]-#(«0,/c(*o))]| 

2—1 

m 9 
j=i 

= lX^r[^( Zo )] ' (9e ai (z , fc(z ))) - <p(z Q J(z ))) 
i—1 

m d 

+ Y'fia^Za) ■ g^-\ge ai {Z0, fc(zo)) ~ 4>(z , f{z ))}\ 
i=l 

< m ■ max{C Qi } • max{e Qj } + max{e Qj } 



Similarly we get that 
d 

\-g^bP(zo, fc(zo)) - <t>{z, f c (zo))]\ < m ■ max{C Q J • max{e a J + max{e a J 

It is clear that we may choose e ai for i = 1, ...,m to get the desired estimate for 
all points z e U a for this particular a. Running through all a's we have that any 
particular on will only come under consideration a finite number of times. Hence 
we may choose the sequence {e a }. □ 

We proceed to prove the Proposition. 

Fix So to get the estimate (1) (in the beginning of Section 3) for all |c — c'| < 60 
with |c|, \c'\ < 2R. For any 5 with < 8 < 5 we let c s (j, k) = (j + k ■ i) ■ 5 for 
j, k G Z. Let x : [0, 1] -» K be a smooth function such that %(t) = for < t < j 
and x(t) = 1 for | < t < 1. Let C be a constant such that \x'(t)\ < C for all 

te[o,i]. 
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We first define a function h$ on the surfaces T c s^j k j simply by hs\r s = 
We want to interpolate this function between the surfaces. 
For a fixed z consider the sets of points 

^c s (jM)( z ) : = {fc*(j,k)( z ), fc*(j+l,k)( z ), fc*(j,k+l)( z ), fc s (j+l,k+l)( z )}- 

We first show that these sets move nicely with z for small enough \z\ and independent 
of 5. In particular we want to know that we may define quadrilateral regions 
R&,j,k{ z ) with corners T c stj^)(z) and that these sets have disjoint interior. 

We make the change of coordinates in the w variable, by setting 
w{z,w)=w :jk {zw) = — . 

/c*(j+l,fe) - J^(j,k){Z) 

We get that 

w(z,f c s {j<k) (z)) = 
w(z, f c S(j +lik) (z)) = 1 



Lemma 3. Fix N. Then there exists a real number t > independent of 6 so that 
if\l\,\m\ < N then \w jk (z, f c s( j+hk+m) {z)) - w jk (z, / c «y+f lfe + m )(0))| < 1/10 for all 
\z\ < to and any j, k. 

Proof. Let tt : A — > C \ {0, 1} be the universal cover, and fix a pair (j, k). We 
have that pf m := uijk(0, fc s (j+l,k+m) (0)) = I + rn ■ i ior &\1 S, so we may choose 
a point Pim G A such that 7r(P; m ) = pf m for all S. For each S,j,k,l,m we have 
that Wj k {z 1 / c «(j+;.fe+ m ) (z)) is a map k s : A — > C \ {0, 1}, and so they lift to maps 
g s : A — > A with g s (0) — Pi m , i.e. k s — n o g s . By the Schwartz' Lemma we 
have that \g 5 { z ) — Pi m \ < Li m \z\ for all 8. So if \z\ is small enough we have that 
g s {z) C 7T _1 (Aj_(p; m )). Since there are only a finite number of pairs (I, m) bounded 
by N the result follows. □ 

From now on we assume that \z\ < t . 

Lemma 4. The quadrilaterals have disjoint interiors. 

Proof. Pick (j, k) . We use the linear change of coordinates in the w direction for 
fixed z: 

w jk{z,w) = — j — . 

Jc s (j+l,k)( z ) - fc s (j,k){ z ) 

This sends f c s (j+i.k+ m ){ z ) close to (j + l, k + m) on a small disc in the z direction for 
uniformly bounded (Z, m). Hence it is clear that the quadrilaterals are disjoint. □ 

Next we define preliminary functions hj k on the respective quadrilaterals. First 
we define a function t z (y\, 1/2) to be constant equal to on the line between f c 5u tk ) (z) 
and fc 6 (j,k+i){ z ), an d constant equal to 1 on the line between f c s(j+i t k)( z ) an d 
fc 5 (j+i,k+i)( z )- We extend t z continuously to be affine on the two other edges, 
and then we extend t z to be constant equal to v on the line between f c s(j. k ){z) + 
v ■ (fc^u+i,k)( z ) - fc*u,k)( z )) and f c s( jik+1) {z) + v ■ (f c s( j+ i lk +i)( z ) - f c s(j,k+i)( z ))- 
Finally we define h 5 - k by 

hj k ( z ,yi,V2) = jS + S- ix°t z )(y 1 ,y 2 ). 
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The hj k 's patch up smoothly in the "vertical" directions where the functions are 
constant. To be able to patch them together in the "horizontal" directions we first 
extend each hj k across the "horizontal" edges. 

To do this we use the coordinates defined by w. Consider the normalization 

- , , w - fc*(j,k)( z ) 
W jk {Z,W) = — — 

fc 6 (j+l,k)( z ) ~ fc s (j,k)( z ) 

Let M k be defined by h s - k o £> = h 5 - k . We want to glue together the two functions on 
the quadrilaterals sharing (in the new coordinates) the line segment 7 between (0, 0) 
and (1)0), i.e. the function h s - k defined above 7 and the function h s ^ k _-y\ below 7. 

We start by extending the function hj k . Note first that by Lemma [3] the quadri- 
laterals Rs.j,k and Rs.j t k-i in the new coordinates - henceforth denoted R$,j,k and 
Rs,j,k-i - have corners within jL-distance from the points (I, m) for Z, m £ {0, 1, — 1}. 
Note also that if we define a function £2(2/1,2/2) (w = t/l + iyz) along lines in the 
quadrilateral Rsj tk (z) in the new coordinates as we did when we defined t z (yi, 2/2) 
above, then h* k = (jS+S(x°t))ow. Because of the placing of the corners we see that 
there exists a constant K independent of S,j, k such that ||V,j(j/<5-|-5(x i))|| < K5. 

Continue the lines in Rsj,k that pass through the interval [|, 1 — |] and extend 
hj k to be constant on these lines. By the placing of the corners there is a constant \i 
- independent of S and j, k - such that these lines can be extended to the line between 
(0, — fi) and (1, —fi). Let Pg,j,k denote the extended set Rsj y k U (Rsj,k-i H {2/2 > 
— /i}), and we see that hj k extends to be constant on the part of Ps,j,k where it is 
not already defined. Extend h s ^ k _ 1 ^ similarly in the other direction. 

To glue the functions together we choose a smooth function ip(z,yi,y2) = ^(2/2) 
such that ^(j/2) = 1 if 2/2 > A* and such that ^(2/2) — if 2/2 < — A 4 - We define 

hs(z,w) := (ipow jk )(z,w) ■ h s jk (z,w) + (1 - <p o uij k )(z,w) ■ h s ^ k _ 1 - ) (z,w) 
Fix a constant M such that ||^|| = M. 

Lemma 5. There are constants N\ and N2 such that for each j, k, 5 we have that 
h jk( z , w ) =3 S / c «(j,fc)(«)| < N 1 \f c s {j+ltk) (z)-f c s { ^ k} (z)\. Moreover there is a 

smooth function gj k {z, 2/1,2/2) such that hj k = g S j k ow and such that \\^wg S j k \\ < ^2^- 

Proof. The existence of the constant Ni can be seen by our description of the 
function in local coordinates where we used Lemma [31 To see the rest let us give 
the function g s - k explicitly. 

Fix z. Let (01,02) denote the corner of Rj k which is close to (0, 1), and define 
a map A z (2/1, 2/2) := (j/i — 2/2^, 2/27^-)- Then A z changes smoothly with z and we 
have that ||j4 z || < 2 for all the possibilities of (ai, 02) we are considering. 

Next we define a function t on the quadrilateral A z (Rj k ) along lines as above. 
Let (61,62) denote the corner close to (1,1) and fix y — (j7i, j/2)- We have that 
the two vertical sides of A z {R°- k ) meet at the point (0, — L) where L is given by 
L = j^ 2 -]-- Calculating the slope of the line from the point y to the point (t(y),0) 
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we get that = ^yT~ which gives us 

V i ■ L yi 



+ m 62 + ^2(61-1)' 

We have that t varies smoothly with (61, 62) and we see that t has bounded deriva- 
tives for the cases of (61,62) we are considering. Define <jj k by 

9% =jS + 8(x°to A z ), 

and the function h^ k is given by hj k = g^ k ow. □ 

Lemma 6. h$ — > g in sup norm on A to x RA. 

Proof. It is clear that hg(0, •) — > g(0, •) uniformly. The claim then follows from 
Lemma [8] below . □ 

Lemma 7. If to and 5 is small enough we have that \f c s (j,k)i z )~ fc s ((j+i,k)( z )\ — $ 2 
for all z with \z\ < to and all j,k such that \c s (j,k)\ < 2R. 

Proof. If S is small enough we have the estimate 

I * 4|/ c5( , fe) (,)-/ c5(j . +llfe) (,)|log lfci ^ (z) _ 1 /cs( . +ifc)(2)| 

for all \z\ < to and all \c s (j, k)\ < 2R (Corollary [T]). Let denote the function 

H z ) = l/c«(j,fc)(z) - f c S(j+l,k){z)\, 

and let (f>(t) denote the restriction to radial real lines starting at the origin. We 
have that 

9 r , </>'(t) 
[-log0(t)] = 



and so 



It follows that 



dV brwj 0(i)' 



|^[-log0(t)]|<4|-log0(t)| 



- log 4>(t) < - log 0(0) • e 4t 0(i) > 0(O) e , 
and since 0(0) = (5 the result follows by choosing t smaller than i log 2. □ 

Lemma 8. Let c = a + ib, jS < a < (j + l)S,kd < b < (k + 1)5. The function 
hs(z, f c {z)) is small in C 1 norm along the graph T c . 

Proof. We need to estimate the derivatives of the function hg(z, f c {z)) at an arbi- 
trary point (zo, f c (zo))- We estimate J| = - the case of is similar. Since 
we are working on lines we use the notation (x, y%, 7/2) for coordinates. 

We observe first that if (zo,f c (zo)) is outside Rs,j,k then it must still be very 
close. If the point is close to the vertical edges, then the function hs is locally 
constant, so we are done. We can assume that also (zq, f c (zo)) € Psj,k \ Psjm+i- 
We divide the proof into two cases: Assume first that (zo, fc(zo)) is not in Rs,j,k-i- 
Then the function hs is simply equal to the function h^ k . 

We have that 
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= -sr-^. f( x )) + )(&, /(<=)) ' br-, -T-)(a;) 

For fixed s, v we may define a curve (x, <?(x)): 

g(x) = (1 -s)[(l - v)f c 5 {j>k) (x) +vf c s u+l k) (x)] 
+ -«)/ c «y,fc+i)(i) +w/ c 5 (j+1 , fc+1) (x)]. 

Then hj k (x, g{x)) = jS+x(v)S. Choose s and i; so that (xo,<?(xo)) = (xq, f c (%o))- 
We get that 

= Uh* k {x, 9 {x))) = ^(x, ff (x)) + A d -^)(x,9(x)) • |», 
ax J ax ayi a?/2 ax ax 

and so 

9 ^<5 / a \\\ t dh % dh %\t i \\ i d h dgi df 2 dg 2 

^-{n, jk {x ,f{x ))) = (-57-, -^-)(a;o,fir(a;o)) ■ (-5 — )(x )- 

ax J ayi a?/2 ax ax ax ax 

Using the Lemma |3] we see that ||/ c (a:o) - f c ^j+i,k+m)( x o)\\ < 2\\fc*(j+i,k)( x a) ~ 
fc s (j,k) ( x o) II for l,m{z {0,1}, and so 

d 

ll^(/c - fc s (j+l,k+m))\ x o)\\ 
< 4||(/ c -/ c «y + j )(fc+m ))(xo)||lo, 



Wife - fc'U+l,k+m))(zo)\\ 

< 8 ll(/c*0'+i,fc) ~ /c(j,fc)) (^o)!! log 



2||(/ c «(j+i,fe) - /c'O'.fc))^)!! 

It follows that 



w^(h s (x,m)\\ 

< 8 • IK^i |^)ll • ll(/c«a+i,fc) - /c*a,*))(»o)|| 
1 

x log 



2||(/ c «(j+i,fc) - / c «(j,/c))(a;o)|| 



We proceed to estimate 1 1 ( , |^ ) 1 1 . We change coordinates according to Lemma 
[5] and write /la as a composition 35 ow(y). We get UZ^u)] 



and we have that ||V^ga|| < A^. This shows that 
nf dhs dh Ssn ^ , T 1 

< iV20 



<9yi 9y2 ll/c'O'+i.aofco) _ fcHj,k)( x o)\\ 
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This gives 



\^-{h s (x,f(x))\\<8N a 6]oi 



dx ' \\fc*(j+i,k)(zo) - fc*(j,k){zo)\\ 

We have by Lemma [7] that \\f c ! (j+i,k) ( x o) ~ fc ! (j,k)( x o)\\ — & 2 an d so 

\\^(h s (x J(x ))\\ < 8iV 2 <51og^ -> as S -> 0. 



The other case we have to consider is when (zo, fc(zo)) is contained in an overlap 
where we glued our functions together. In that case we may assume that (zq, f c {zo)) 
is also contained in Pj( k _ 1 y 

Let it denote the vector it — -§^(xq, f c {xo))- We have that 



Vh s (x Q , f c (x )) ■ It = V[(/3 o w ■ h s jk ](x , f c (xo)) ■ ~v 

+ V[(l -<p)oiv- h s j{k _ 1} }(x 0: fc(xo)) ■ ~v 

= h s jk (x , f c (xo)) ■ V[ip o w](x, fc(x )) ■ ~v 

+ (ipo w)(x , f c (xo)) ■ V[/i* fc ](aro, fc(x )) ■ ~v 



+ h j( k -i)( x oJc(x )) ■ V[(l -ip)o w](x,f c (x )) ■ It 
+ ((1 - V)°w)(x ,f c (x )) ■ V[h s jik _ 1} }(x Q , f c (xo)) ■ It 



By the above calculations we need not worry about the second and fourth term 
in this sum so we have to check that 



i h jk( x o, fc(x )) - h s j{k _ 1) (x , f c (x ))) ■ V[(pow](x ,f c (x )) ■ ~v -> 



as 5 — > 0. 

First of all we have that \hj k (xo, fc(xo)) ~ h^, k _^ (xo, f c {xo))\ < 2<5. Further 
|V[y> o w](x , Mxo)) ■ V| < M ■ \\D[w](x Q , f c (x Q ))(lt)\\. 
Now 

D[w](x ,f c (x ))(v) = ^-[(x,- , ; r-r io ■ 



Ignoring the constant term (it gets killed by S) we get that 
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< 



\\D[w](x J c (x ))(ir)\\ 
1/cOo) - fcHj, k )(no)\ 

\fc s {j+l,k) ( x o) - fc s (J,k)( x o)\ 

\fc{x ) - f c ^u,k)(xa) \ ■ \f c s( j+ i, h )( x o) ~ f' c s{j,k)( x o))\ 



\fc s (j+l,k)( x o) - fc s (j,k){Xo) 



2 



\fc( x o) ~ f c *U-k)( x o)\ . 1 
< T7 / ^ j ^T lo g 



\fc s (j+l,k)( x o) - fc s U,k)( X o)\ \fc( x o) - fc s (j,k)( x o)\ 
\(fc( x o) - fc s (j,k)( x o))\ ■ \(fc s (j+l,k)( x o) ~ fc*(j,k){ x o))\ 
\(fcS(j+l,k)(xo) - fcSQ,k)( x o))\ 2 

S \(fc>(j+l,k)( x o) - fc s (j,k)( x o))\ 

By Lemma |31 we have that ^ °> J fu.^ °J1 < 2 and so 
\\D[w](x ,f c (x )){t)\\ < 2 • lo, ' 



\fc s (j+l,k)( x o) - fc s (J,k)( x o)\ 
2l0g \fc( x o) ~ f c 6(j,k){xo)\ 



By Lemma[5]we have that our function is constant unless \f c ( x o) ~ fc s (j,k) { x o)\ ^ 
-^l \fc s (j+i.k) i x o) ~ fc s (j.k)( x o)\ > Ni5 2 (by Lemma 7), and so we may assume that 

\\D[w}(x ,fc( x o)){^)\\ <21og4 + 21og- ] 



S 2 b N±5 2 ' 
All in all: 

\(hj k (x , f c (xo)) ~ ^*(fc_i)(a;o,/c(a;o))) ■ V[<^ o w](x , f c (x )) • 
< 4M<5(log A + log ^ ) -> as 5 -> 0. 



□ 

4. Proof of the main theorem 

We are ready to prove the main theorem. By the theorem of Slodkowski, [BJ, [B], 
we can assume that £ is a lamination of A x C as in the previous section. 

Proof of the Main Theorem: Suppose that T is a positive closed (1,1) current 
on A 2 (0, 1), supported on the laminated set K described in the introduction. We 
assume that T is directed by the lamination C of K. Hence there is a positive 
measure /i so that T — J[V a ]dfi(a). Suppose that A = dw — f' a (z)dz. We want to 
show that A A T = 0. Let <j) be any smooth (1, 0) test form. We need to show that 
<AAT, 0>=O. This follows since 
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< A A T, </> > = / (A AT) h<t> 
T A (A A <p) 



A A 4> I d/i(a) 



= 



Assume next that T is weakly directed by C. Since C is a lamination of A x 
C we may invoke the approximation result from the previous section. With the 
approximation result at hand the implication follows from Sullivan's proof of the 
smooth case [7J. We include the proof for the benefit of the reader. 

Step 1 is to show that there exists a family of probability measures a a such that 
a a is supported on T a , and a measure // on the a-plane, such that for all test forms 
ijj we have that 



T(ui) — ( Loda a ) djj! '. 



Let w be a (1,1) test form and let X(z,w) = dw — f a (z)dz for w — f a (z). Let 
vi(z,w) = (l,/'(z)) and let V2(z,w) = ■ f' a {z)) for w — f a (z), and define the 
2-tangent field v(z, w) — (vi(z,w),V2(z,w)). 

Switching basis we have that 

lu = %p\dz A dz + %p2dz A A + tpsdz A A + ^A A A 

for some functions tpi, and by assumption we have that T(u>) = T(ipidz A dz). The 
function is given by tpi = ^ui{v) and so we have that 

T(w) = T(-^uj(v)dz Adz). 
2i 

On the other hand we may use T to define a linear functional L on Co (A x C) by 
L(tp) = T(ipdz A dz), and so by Riesz' Representation Theorem there is a measure 
v such that 

L(ip) = J ipdv. 

This means that 



T (w) = J —u)(v)du. 



Now the measure v disintegrates 0] : There exists a family of probability measures 
a a such that a a is supported on L Q , and a measure [i' on the a-plane, such that 
for all ip € Cq(A x C) we have that 



J ipdv — j (J ipda a ) dpi 



We define currents T a by T a (uj) — J T ^ru(v)da a , and we get that 

T(lu) = [ T a (u)dfi'. 
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The next step is to show that T a is closed for //-almost all a. Let {ojj} be a 
dense set of C 1 -smooth (0, 1) test forms and fix a j <E N. Let g be a continuous 
function in the a-variable and extend g constantly along leaves. We want to show 
that 

' g-T a (dto)dfi' = 

because this would imply that dT a = for //-almost all a (since g is arbitrary). 

By Theorem 1 there exists a sequence gi of smooth functions such that gi — ► g 
uniformly and in C^-norm on leaves. Since T is closed we have that 

= j T a {d(gLjj))dn' = J T a (dg i Auj j )dti' + J 9l ■ Tjdw^dn' '■ 

Since T a (dgi A to) — » we get that 

g ■ T a (dujj)dij' = lim / gi ■ T a (dcjj)dfx' = 

»-» oo J 

Running through all Uj's we see that T a is closed for /i'-almost all a. The only 
possibility then is that the measures a a are constant multiples of dz A dz, i.e. 
a a = tp(ct)dz A d~z where tp is a measurable function 4 J. Define fi := tp ■ \s! . 

5. Two Counterexamples 

In [5] the authors proved versions of the main theorem for real laminations in 
R 2 and M 3 . In those results we added an extra slope condition on the laminations 
which is analogous to the estimate in Corollary 1. We give here a simple example of 
a lamination of curves in R 2 where the slope condition is not satisfied. Also the con- 
clusion of the Main Theorem fails. The analogue of Theorem 1, i.e. approximation 
of partially smooth functions fails as well. 

For each t € R, we let 7 t be the curve y = ft(x) = (x— t) 3 in R 2 . Clearly this gives 
a continuous lamination of R 2 by curves. The curves are all tangent to the x— axis. 
This implies that the current of integration of the x- axis is annihilated by the one 
form A which is defined by dy— f' t (x)dx on j t . However, this current is not an integral 
of currents [y t ]. We also observe that the function a(x, y) defined by a(x, ft(x)) = t 
cannot be approximated by C 1 functions, because any such approximation will have 
to have a small derivative along the x— axis. 

We can also modify this example so that we have a Riemann surface lamination 
in C 3 . For t € C, let jt be the complex curve 7t(s) = (z,w,t) = (s,(s — t) 2 ,(s — t) 3 ). 
These curves laminate C 3 and 74 it tangent to the z— axis at (i,0,0). Hence the 
z— axis is annihilated by any continuous one forms defining the lamination. Hence 
the current of integration of the z axis is weakly directed. But clearly it is not 
directed by the lamination. Again the function a(z, w, r) defined by au ( = t cannot 
be approximated by C 1 functions. 
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